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Abstract

Over the pastfew years,the traditional separationbetween
automatedtheoremprovers and computeralgebrasystems
hasslowly beenerodedasbothsidesventureinto foreignter-
ritory. But despiterecentprogress,theoremproversstill have
difficultieswith basicarithmeticwhile computeralgebrasys-
teminherentlyproduce“untrusted”resultsthatarenoteasily
verified.
We were able to combinesuccessfullytwo suchsystems–
NUPRL andMATHEMATICA – to build theAutomatedCom-
plexity Analysis(ACA) systemfor analyzingthe computa-
tional complexity of higher-orderfunctionalprograms.The
ACA systemautomaticallycomputesandprovescorrectan
upperboundon the worst-casetime complexity of a func-
tionalprogramsynthesizedby theNUPRL system.
In thisextendedabstract,webriefly introduceour framework
for reasoninginformally aboutthecomputationalcomplexity
of higher-orderfunctionalprogramsandoutlineourapproach
to automation. We concludewith a descriptionof employ-
ing MATHEMATICA within the trustedNUPRL environment
to constructa formal complexity proof.
Keywords: computationalcomplexity, automatedcomplexity
analysis,higher-orderfunctionalprograms,theoremproving,
computeralgebrasystems

Introduction
In a memorableepisodeduring the late 1990s,later to be-
comeknown as the PigeonHole Incident, the NUPRL re-
searchgroup at Cornell University was collectively try-
ing to locatethe sourceof inefficiency in a provably cor-
rectstate-minimizationalgorithmthey hadsynthesizedwith
the NUPRL proof developmentsystem. After an extensive
searchthrough the formal proof library that took several
weeks,theproblemwaseventuallytraceddown to anexpo-
nentialproofof thepigeonholeprinciplethatwascitedasa
lemmain themaintheorem.Oncethecausehadbeenfound,
therunningtime of theminimizationalgorithmwasquickly
madepolynomialby rewriting theproofof thelemma.

The Pigeon Hole episodeconvincingly illustrates the
missing link in machine-assistedprogramsynthesisfrom
formal specificationsandwasoneof the main motivations
that led to the developmentof the AutomatedComplexity
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Analysis(ACA) framework for reasoningabout the com-
putationalcomplexity of higher-order functionalprograms
(Benzinger2001b). The framework appliesto any formal
systembasedonoperationalsemanticsthatcanexpresseval-
uationwithin its termlanguage.

The ACA System
The currentACA system(Benzinger2001a;2001b;2002)
is a referenceimplementationthat automaticallycomputes
andprovescorrectan upperboundon the worst-casetime
complexity of a functional program synthesizedby the
NUPRL proof developmentsystem (Constable& others
1986). NUPRL is a powerful environment for machine-
assistedproof andprogramdevelopmentbasedon compu-
tationaltypetheory(Martin-Löf 1983;Constable1991)and
theproofs-as-programsprinciple(Bates& Constable1985),
which facilitatesthe extractionandexecutionof computa-
tionalcontentfrom formalproofs.

Examplessuccessfullyanalyzedwith the ACA system
includethe maximumsegmentsumproblem,several algo-
rithmsextractedfrom differentproofsof thepigeonholethe-
orem,andsortingalgorithmsthat illustrate the differences
betweencall-by-nameand call-by-value evaluationstrate-
gies.

Notation
In this paper, all terms,including term variables,aresetin
typewriter font, whereasmathematicalvariablesdenot-
ing termsor valuesare set in italic font. We will usein-
teger termsand integersreferencedby termsinterchange-
ably if the intentionwill beclearfrom thecontext. To save
horizontalspacein long reductionsequences,we maywrite�����

in ���
	 insteadof
��� 	 � in ��� .

The Computational Complexity of Functional
Programs

While most formal definitionsof computationalcomplex-
ity are basedon the Turing machine(TM) or the random
accessmachine(RAM) model, modernprogramminglan-
guagesfeaturingadvanceddatastructuresor garbagecol-
lectionincreasinglydemandfor moreadvancedcostmodels.
Thisis particularlytruefor functionallanguages,whosehid-
denevaluationcostcanbeconsiderable(Lawall & Mairson



1996).
Our� framework for definingcostmodelsbasedon opera-

tional semanticsis bothdescriptiveandversatile.By select-
ing differentsemantics,we canrefineour costmeasuresto
get arbitrarily closeto a low-level machinemodelsuchas
theRAM.

Annotated Semantics
To defineacomplexity measure
�
 for anoperationalseman-
tics � thatmapstermsto complexity expressions,we anno-
tateeachrule

�����
in � with somecomplexity information� , �������������

in �����
to obtain an annotatedsemantics����� . If we can deduce��� � ��� 	 �

in ��� in � ��� and 	 is canonical,we write
�����

	 �
in ��� andsaythat

�
hasvalue 	 andcomplexity � , also

denotedby
�! 

and "� , respectively.
As anexample,considerNUPRL ’smultiplicationrule

(mul)
���$#&% �(' �$#�)�

* ' �$# % # ) *
We canmeasuretimecomplexity by defining

(time)
���+# % �

in � % ���(' ��# ) � in � ) ��
* ' ��#,%�#-).� in � %�/ � )0/21 � �

or spacecomplexity by defining

(space)
�+�+# % �

in � % ���3' �+# ) � in � ) ��
* ' ��#,%4#-)5� in � % � ) � �

or “space-time” complexity by

(space-time)
���+# % �

in � % �4�(' ��# ) � in � ) ��
* ' ��# % # ) � in � % / � ) /7698-:;�<# % # ) �=� *

This discussionfocuseson the annotatedsemantics>@?BA C�D
thatmeasuresthetimecomplexity of NUPRL programswith
respectto call-by-nameevaluation:

(apply)
E ��FHG

. I � in � % ���JILK ��MNGPOP� 	 � in � ) �E ��� 	 � in � %�/ � )Q/R1 �
(base) S �

0
�
in � % �4�TI � 	 � in � ) �

ind( SVU I U W � X * Y ) � 	 � in � % / � ) /R1 �

(step)
S �+#@Z\[$�

in � % �4�Y K #HM W � ind( #�]�1 U I U W � X *^Y ) M X OP� 	 � in � ) �
ind( SVU I U W � X *^Y ) � 	 � in � % / � ) /R1 �

For simplicity, >@?BA C�D assignsunit cost to eachreduction
step, but more faithful modelsusing term discrimination
or parameterizedannotationsto incorporatethe costof the
evaluatorimplementationare likewise possible.The inter-
estedreadercan find the completedefinition of >+?BA C�D in
(Benzinger2001b).

To reasonabout the complexity of a given function
E

,
we supply

E
with formal arguments _ % � *`*�* �a_&b and use

the annotatedsemanticsto determinethe cost of reducingE _ % *�*`* _ b to canonicalform. We definethe resulting

complexity of thisconstructtobethecomplexity of thefunc-
tion

E
, or moreaccurately, the complexity of

E
computingE � _ % � *`*�* �!_,bP� for arbitrary _,c .

As anexample,let
E

bethefunctiontermF
n.ind(n U F x,y.x U i,z. F x,y.z y (x+y)) 0 1

that computesthe � -th Fibonaccinumber d�b . A simple
proofby inductionshows thatE S �fe0g9h iPj d�k � in l S / l / d�knm %�/ "S � *
Proof. We first show by natural induction on S  the
strongerstatement

ind( SoU F x,y.x U i,z. F x,y.z y (x+y)) _pI� d krq % _  �/ d k I  s� in t � S � "S � "_;� "I��=���
wheret � S � Svu �!_ u �aI u ��wxl S /zyP/ d k{m % / Svu / d ksq % _ u /d�kVI u . ThebasecaseS  w [ follows immediatelyfrom

ind( SVU F x,y.x U i,z. F x,y.z y (x+y)) _pI� �
in "S �ind(0 U F x,y.x U i,z. F x,y.z y (x+y)) _pI� �
in
1 �

(
F
x,y.x) _pI�-� �

in
y|/ "_}�_  �

whered q % w 1 asusual.For thestepcase,assumethat

ind( S ]\1 U F x,y. *�*`* U i,z. F x,y. *`*�* ) _5I��� �
in t � S ]\1 �f~S ]�1 � "_
� "I��a�d�krq ) _  �/ d�krq % I  

Then

ind( SVU F x,y.x U i,z. F x,y.z y (x+y)) _�I� �
in
1�/ "S �(

F
x,y.ind(

� S ]\1 �  U *`*�* ) y (x+y)) _�I� �
in
y �

ind(
� S ]�1 �  U *�*�* ) I ( _ + I )��� �

in t � S ]�1 � [ � "I`���_ + I4�!�d ksq ) I  �/ d ksq % � _ / I4�  *
Thefinal valueis equalto d krq % _  �/R� d krq % / d ksq ) �!I  wd�krq % _  �/ d�kpI  . Thetotal complexity is10/ "S /�y|/ t � S ]�1 � [ � "If���_ + I4�w l / "S / l � S ]�1 � /�y|/ d k / d krq ) "I / d krq % �_ + Iw y|/ "S / l S / d k / d krq ) "I / d ksq % � "_ / "I /R1 �w y|/ "S / l S /x� d�k / d�ksq % � /x� d�krq %�/ d�ksq ) � "I/ d ksq % "_w t � S �
Theoriginalclaimnow followstrivially from "0 w "1 w [ . �
Higher-Order Complexity
The major challengein developing a formal calculusfor
higher-ordercomplexity is to find theright meansto referto
the complexity of unknown termswhile maintainingcom-
positionality. To describethecomplexity of a second-order
termsuchas

(
F
g.g 0)

E �



where
E

is a formalargumentof type ����� , anexpression
like

y�/ "E / �E  0 is intuitively meaningfulbut of limited
value. Obviously, unqualifieduseof the hat notationdoes
not provideany insightinto thecomputationalbehavior of a
program,as � �-� �  r� in "��� is vacuouslytruefor eventhe
mostcomplicatedcomputation� .

To overcomethislimitation,weusetypedecompositionto
characterizethecomputationalbehavior of

E
without quot-

ing the actual term structure. More precisely, we break
higher-orderargumentsinto thevaluesandcomplexities of
their constituentsubtypes,which, once identified, can be
uniformly referredto within thecalculus.This ideais simi-
lar to Tait’s methodof proving thenormalizabilityof finite-
type terms

�
by providing arguments_ % � *`*�* �a_ b suchthat� _ % *`*�* _ b is of atomictype(Tait 1967).

Type decompositionas definedin (Benzinger2001b)is
compositionalwith respectto value and complexity. The
structureof the decompositiondependsuniformly on type.
Givenaformalargument_ of sometype � , weassociatewith� a list of higher-orderfunctions

E c thatexpressthe values
andcomplexities of evaluatinginstantiationsof _ while ab-
stractingfrom the actual term structureof _ or any of its
formal inputs _,c . This abstract typedecompositioncanthen
beusedto reasonmeaningfullyaboutthecomputationalbe-
havior of _ .

In general,the decompositionof a term or formal argu-
ment _ of type � % �����`�{���`bx��� is a list of

y � /�y
concreteor abstractfunctions�� EN��� � EN� u� % �� E % � � � % �4� E % u � � % �*`*�*� % � *`*�* � � b �� E b � � � % � *`*�* � � b �4� E b u � � % � *`*�* � � b ���
where each

� c is the decompositionof formal argument_ c=� � c for _ . As a simpleexample,thedecompositionof the
first-orderfunction

F
x.x*x of type �7��� is��F

x.x*x � [ � ��G � � G u � �� G )� � ��G � � G u � �� yLG u /21 ���
representingthe fact that

��G � � G u � is the abstract de-
compositionof formal argument

G � � and
F
x.x*x

���F
x.x*x

�
in
[ � and

��F
x.x*x � G�������G� � ) � in y "G�/R1 � .

As the type decompositionof higher-order termscom-
priseshigher-orderfunctions,their complexity is naturally
expressedusing higher-order polynomials(Irwin, Kapron,
& Royer 2000). This solution, however, is at odds with
theprevailing first-ordernotionof complexity thatis deeply
rootedin imperative languagesandthe randomaccessma-
chine model. We thus use polynomializationto express
higher-ordercomplexity in first-ordertermswherever pos-
sible.

Symbolic Evaluation
Formalargumentsaremetavariablesof our term language
representingarbitrarytype-correctterms.Consequently, any
expressioninvolving formal argumentsis not a properterm
andthusnot understoodby theevaluationsystem.

To automateour informal complexity analysisdescribed
earlierin this paper, we needto extend >@?BA C�D to a symbolic

semantics �>+?BA C�D in which the metavariablesof >@?BA C�D be-
comeproperterms.This extensioninvolvessymbolicterms
thatsoundlyrepresentclassesof propertermsin > ?BA C�D .

Thecentralbuilding blockof �>@?BA C�D or any othersymbolic
semanticsis the symboliccpx* term usedto representa
classof termsthatexhibit a certaincomputationalbehavior:

(cpx)
��� 	 � in ���

cpx*( SoU � ) � 	 � in S / ��� *
The metavariables ' of type � of >+?BA C�D are encodedas
parameterizedsymbolic termsvar*( ' U � ). The reduc-
tion rulesfor var* automateour ideaof the abstracttype
decompositionby introducing a type-correctconstructof
cpx* termsthat providescanonicalnamesfor the decom-
positionfunctions

E c � and
E c u .

Solving Higher-Type Recurrences with
MATHEMATICA

The automaticanalysisof primitive or generalrecursive
functions generatessystemsof parameterizedhigher-type
recurrenceequations(REs)

� ��� % � *`*�* � � b � S ��w
� d ��� % � *�*`* � � b � if S w [  ���¡% � *�*`* � � b¡� S � � � if S Z\[

for which we requireclosedsolutions. Although no com-
pletealgorithmfor finding closedsolutionsto arbitraryREs
exists, we can identify many important subclassessuch
as linear equationswith constantcoefficientsor hypergeo-
metric equationsfor which completealgorithmshave been
found. The finite calculus and the methodof generating
functionsin particularhaveprovensuccessfulfor linearREs.

All major computeralgebrasystems,including MATHE-
MATICA, MAPLE, andMUPAD, provide somefunctionality
for solvinggeneralunivariateREsystems,usuallyby means
of generatingfunctions. Unfortunately, noneof thesesys-
temssupportsmultivariateREs. Insteadof reinventingthe
wheelby creatingacustomrecurrencesolver, wereducethe
parameterizedhigher-typeREsgeneratedduringcomplexity
analysisto unparameterizedsimple-typeREs. Our result-
ing algorithmfor parameterizedREsis generallyapplicable
andnot limited to equationsgeneratedby theACA system.
The procedureis necessarilyincompleteandcannotobtain
closedsolutionsfor all possibleREs,includingthosegener-
atedby ACA.

Formal Proof Construction
The complexity resultsreturnedby the symbolicevaluator
areuntrustedin thesensethattheircorrectnessdependscrit-
ically on thecorrectnessof theevaluatorasa whole.This is
an undesirableyet very commonsituationsharedby most
commercialsoftwaretools,which rely on traditionalmeans
of quality control—mostnotably testing—tobuild confi-
dencein their results.

Theoremproverslike NUPRL, on theotherhand,produce
trustedresultsthat areprovably correctshortof actualde-
fects in the computingenvironment. In mostof thesesys-
tems, the proof is constructedby a large, untrustedproof



generatorandthenverifiedby asmall,trustedproofchecker
whose¢ correctnesshasbeenestablishedonceandfor all by
externalmeans.In thecaseof NUPRL, this trustedcoreis a
simpletypecheckingalgorithmof severalhundredlinesof
L ISP code.

Theproof generatorof theACA systemconstructsa for-
malNUPRL proofthatassertsthecorrectnessof theinformal
complexity resultobtainedby thesymbolicevaluator. As all
suchcomplexity theoremsarefully integratedinto NUPRL ’s
standardlibrary, theNUPRL proofcheckerautomaticallyen-
surestheir validity.

The useof symbolic algebrasystemswithin a theorem
prover is a novel approachto guaranteethe correctnessof
theseuntrustedsystems.A similar yet oppositeapproachis
taken by THEOREMA (Buchbergeret al. 1997)andANA-
LYTICA (Clarke& Zhao1992),which implementa theorem
proverwithin a symbolicalgebrasystem.

Formal Evaluation
Theequalitytypebuilt into theNUPRL systemis extensional
in that termssuchas6*9 and42 that reduceto the same
valueare interchangeablein any context. Alas, this prop-
erty makesit impossibleto reasonabouttermsasopposed
to their valuesin thestandardtheory.

To addressthis situation within the ACA system,we
adoptedoneof several proposalsfor term reflection(Con-
stable& Crary 2001). Let £ % denotethe reflectedterms
of NUPRL. For the purposeof this presentation,the reader
might think of a reflectedterm asa term with a specialtag
( ¤ ) that preventsthe identificationof extensionallybut not
intensionallyequalterms.For eachtype � , thereflectedtypeK � O comprisesthe reflectedtermsof all termsin � . If

�
is a

reflectedtermin K � O , we write K K �¥O O for thecorrespondingun-
reflectedtermin � .

We definea functionred � £ % �¦£ % / Unit that per-
forms one reductionstepif possibleand returnsinr( § )
otherwise.We write

�!% �� �¨)
if andonly if red

�B�!% � returns
inl(

� )
). We canthenformalizethe evaluationpredicate� % � e g©h iPj � ) �

in ��� within NUPRL ’s logic:�!%0���¨)r�
in ����wpw�!% w �¨)5ª £ %�«��¬w [®­¯� % �� � ) «° � � £ % * ° � % �!� ) �H± * � % / � )5² � ­�!%n�����

in � % � ­��+���¨)r� in � ) � *
For convenience,wedefinetwo additionalpredicates� % ���5� ) �

in ����wpw�!%0���¨)r�
in ��� ­ red

�B�¨) �Qw inr( § ) ª £ %�/ Unit�!%0���³�
in ���Qwpw° � ) � £ % * � % ���5� ) � in ���

thatmakethestatementof complexity resultsmoresuccinct.
While we arefree to decomposeabove predicatesin any

waywelike,theprooftreeof ageneralcomplexity judgment� % � £ % � � ) � £ % ��� �P±µ´ � % ��� ) �
in ���

will usuallybeanexactmirror imageof thesymboliceval-
uation tree for

�!%v�R�¨)¶�
in ��� . The ACA proof generator

translatesthetreefor
� K �_ OH� 	 � in ��� with formalarguments_ c=� � c into a formal NUPRL theoremand a corresponding

proof tacticthatprovesit.

A Formal Example
Thesecond-orderFibonaccifunction

fibo wpwF
n.ind(n U F f.f 0 1 Ui,z.

F
f.z (

F
x,y.f y (x+y)))F

x,y.x

hascomplexity fibo S �-� �
in · S /�¸|/ "S / d�k{m % �

asinferredby the symbolicevaluator. Statedformally, this
claimbecomes

´�¹ m � m � � K ± O * ¹ m u �P± * m ��� m � � in m u �»º
apply ¤ (fibo ¤ U m) ����

in ·sK K m O O}/�¸|/ dQ¼ ¼m ½ ½ m % / m u ���
where d�b is any integer term denotingthe � -th Fibonacci
number. Themainproofgeneratedby thesystemreferences
alemmathatcharacterizesthebehavior of theinductiveterm

ind(m U F f.f 0 1 U i,z. F f.z (
F
x,y.f y (x+y)))

usedin thedefinitionof fibo:

´�¹ m � K ± O * ° r � � K � ± � ± � ± �.� ± O *
ind ¤ (m U F ¤ f ¤ *`*�* U i ¤ ,z ¤ . F ¤ f ¤ *`*�* ) �-� r � � in 1 �­ ¹ r c � r c � � K ± � ± � ± O *¹ r c u � r c©¾ % � r c©¾ � � r c¿¾!¾ % � � r c¿¾!¾ � % � r c¿¾a¾ �a� �H± *À º °

r ¾ � � K ± O * apply ¤ (r � U r c ) �-�
r ¾ ��

in ·sK K m O O,/ l / r c u / r c¿¾ � / r c©¾a¾ �!�/�� d m m % ]\1 � � r c¿¾ % / r c¿¾!¾ % � �/�� d m m ) ]\1 � r c©¾a¾ � % ���
where

À
describesthecomputationalbehavior of formal in-

putargumentÁÂc of type ± � ± � ± :À wpw r c �-� r c � � in r c u �­ ¹ r c©c � r c©c � � K ± O * ¹ r c9c u �H± *r c©c �-� r c©c � � in r c©c u �º °
r c©¾ � � K ± � ± O *

apply ¤ (r c � U r c9c ) �-� r c©¾ � � in r c¿¾ � / r c¿¾ % r c©c u /R1 �­ ¹ r c©¾!c=� r c©¾!c � � K ± O * ¹ r c¿¾=c u �H± *r c©¾!c ��� r c¿¾=c � � in r c©¾!c u �º °
r c©¾a¾ � � K ± O *

apply ¤ (r c¿¾ � U r c¿¾!c ) ��� r c©¾a¾ ��
in r c¿¾a¾ �a� / r c¿¾a¾ � % r c¿¾=c u / r c¿¾!¾ % � r c9c u /21 �

Therecursivecharacterof thelemmasuggestsa proof by
naturalinduction on m. The main difficulty in developing
sucha proof is to derive appropriateinductive hypotheses
for the

�
in *�*`* � boundsof the statement.Fortunately, these

boundsaredeterminedby thesymbolicevaluator, sotheau-
tomatedconstructionof theproof becomesstraightforward.
Thecompleteproof treefor aboveexamplecanbefoundin
(Benzinger2001b)or theACA systemdistribution.

Conclusion
We have shown how we can combineautomatedtheorem
proversandcomputeralgebrasystemsfor creatingformal
proofsof complexity bounds.Theresultingsystemis prov-
ably correctin thesenseof thetheoremproving community
yetharnessesthefull powerof a computeralgebrasystem.



We believe that by improving the interface between
NUP
Ã

RL and MATHEMATICA, we will be able not only to
broadenthe scopeof NUPRL ’s arithmeticaltacticsbut also
to formalize somepartsof MATHEMATICA ’s computation
process.
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